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AN ELEMENTARY PROOF OF LELLI CHIESA’S
THEOREM ON CONSTANCY OF SECOND COORDINATE
OF GONALITY SEQUENCE
SARBESWAR PAL
Abstract. Let X be a K3 surface and L be an ample line bundle on it.
In this article we will give an alternative and elementary proof of Lelli
Chiesa’s Theorem in the case of r = 2. More precisely we will prove
that that under certain condition the second co-ordinate of the gonality
sequence is constant along the smooth curves in the linear system |L|.
Using Lelli Chiesa’s theorem for r ≥ 3 we also extend Lelli Chiesa’s
Theorem in the case of r = 2 in weaker condition.
1. Introduction
Given a smooth irreducible projective curve C and an integer r one can
associate an integer dr, as the minimal degree of a line bundle with r + 1
sections. Thus to each curve one can associate a sequence (d1, d2, ...) called
gonality sequence. The first co-ordinate of the gonality sequence is known as
the gonality of C. Let X be a smooth projective K3 surface over the field of
complex numbers and L be a line bundle on X. Then the natural question
one can ask whether the gonality sequence remains constant as C varies in
|L|s, where |L|s = {C ∈ |L| : C is smooth }. The answer of the question
is negative. In fact, Donagi and Morrison pointed out the following easy
counter example showing that even the first co-ordinate is not constant.
Example([3], 2.2). Let π : X → P2 be a K3 surface obtained as a double
cover of P2 ramified at a smooth sextic curve. Let L = π∗(OP2(3)). The
general curve of |L| is a plane sextic and hence they have gonality 5. On the
other hand, |L| contains a subspace of co-dimension 1 consisting of bielliptic
curves which has gonality 4.
However, Ciliberto and Pareschi proved that if L is an ample line bundle
on a K3 surface X, such that X and L are not simultaneously as in the
Donagi-Morrison’s example, then gonality remains constant along |L|s [2].
Naturally one could ask about the behavior of the second co-ordinate.
Note that in the Donagi-Morrison’s example, the second co-ordinate (which
we will call planarity of C and denote by P(C)) is constant.
Recently Lelli Chiesa [9] proved that if C is an an ample curve in X with
some extra hypothesis and admits a complete grd computing the Clifford
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index of C then every curve in the linear system |OX(C)| admits a complete
grd. However if the Clifford index is bigger than 2, then the extra hypothesis
satisfied automatically. Thus if the Clifford index of C is bigger than 2 and
C admits a complete g2d computing the Clifford index of C, then P(C) is
constant as C varies in the linear system |OX(C)|. The question of constancy
of P(C) still remains open if C does not admit a complete g2d computing the
Clifford index of C. For example see section 3.
In this article we will give an independent proof for constancy of P(C)
when C admits a complete g2d computing the Clifford index and also few
cases when it does not admit a complete g2d computing the Clifford index.
We prove the following Theorem:
Theorem 1.1. Let X be a smooth projective K3 surface over the field of
complex numbers. Let L be an ample line bundle on X. If there exist an
irreducible smooth curve C in the linear system |L| with a complete grd′ , for
some r, 2 ≤ r ≤ 4 which computes the Clifford index of C, then every smooth
curve in the linear system carry a g2d′ . In other words, the second co-ordinate
of the gonality sequence of smooth curves is constant along the linear system
|L|.
Notation: We work throughout over the field C of complex numbers. If
X is a smooth, projective variety, we denote by KX the canonical bundle on
X. For a coherent sheaf F on X, we denote by H i(F) the i-th cohomology
group of F and by hi(F) its (complex) dimension. If V is a vector bundle
on X, we denote by V ∗ the dual of V . For a sub-scheme Z ⊂ X, we denote
by IZ the ideal sheaf of Z. A line bundle of degree d is called a complete g
r
d
on a smooth projective curve C if it has exactly r + 1 sections. We denote
by W rd (C), the subvariety of Pic
d(C) whose support is the set:
Supp(W rd (C)) = {L ∈ Pic
d(C) : h0(C,L) ≥ r + 1}.
If r = 0 we denote W 0d (C) simply by Wd(C).
2. preliminaries
In this section we recall the basic properties of the bundle EC,A of Lazars-
feld [5] and Tyurin [7], associated to an irreducible smooth curve C in X
and a globally generated line bundle A and the basic definitions of Clifford
index and Clifford dimension.
Let X be a smooth projective K3 surface over the field of complex num-
bers. Let C be an irreducible smooth curve in X and A be a globally gener-
ated line bundle on C. Viewing A as a sheaf on X, consider the evaluation
map
H0(C,A) ⊗OX → A.
Let FC,A be its kernel and EC,A := F
∗
C,A. Then FC,A fits in the following
exact sequence on X.
0 → FC,A → H
0(C,A) ⊗OX → A→ 0.
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It is easy to check that FC,A is locally free. Dualizing the above exact
sequence one gets
0 → H0(C,A)
∗
⊗OX → EC,A → OC(C)⊗A
∗ → 0.
Then it is easy to check the following properties:
Lemma 2.1. 1. Rank of EC,A = h
0(C,A).
2. det(EC,A) = OX(C).
3. c2(EC,A) = deg(A).
4. h0(X,EC,A
∗) = h1(X,EC,A
∗) = 0.
5. EC,A is generated by its global sections off a finite set.
2.2. Clifford index. Let C be a smooth irreducible complex projective
curve of genus g ≥ 2. Recall that the Clifford index of a line bundle A on C
is the integer
Cliff(A) = deg(A)− 2r(A),
where r(A) = h0(A)− 1. The Clifford index of C itself is defined to be
Cliff(C) = min{Cliff(A)|h0(A) ≥ 2, h1(A) ≥ 2}.
We say that a line bundle A on C contributes to the Clifford index of C
if A satisfies the inequalities in the definition of Cliff(C); it computes the
Clifford index of C if in addition Cliff(C) = Cliff(A).
Theorem 2.3. ( M. Green, R. Lazarsfeld [4]) Let X be a complex projective
K3 surface, and let C ⊂ Xbe a smooth irreducible curve of genus g ≥ 2.
Then
Cliff(C ′) = Cliff(C)
for every smooth curve C ′ ∈ |C|. Furthermore, if Cliff(C) is strictly less
than the generic value [ (g−1)2 ], then there is a line bundle L on X whose
restriction to any smooth C ′ ∈ |C| computes the Clifford index of C ′.
Given a curve C, we define its Clifford dimension as
r = min{h0(A)− 1|A computes the Clifford index of C}.
Proposition 2.4. (Ciliberto, Pareschi [2]) Let C be a smooth and irreducible
curve of genus g sitting on a K3 surface X as an ample divisor. Then either
C is isomorphic to a smooth plane sextic and X,OX(C) are as in Donagi-
Morrison’s example or the Clifford dimension of C is 1.
3. An example
In this section we will give an example of a curve C in a K3 surface X such
that the Clifford index of C is not computed by a g2d but a g
3
d . Therefore
we can not use Lelli Chiesa’s Theorem to conclude the constancy of the
second co-ordinate of the gonality sequence. However we will see that the
second co-ordinate remains constant along OX(C), which gives an example
in support of our Theorem 1.1.
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Example: Let X be the K3 surface given by a smooth quartic hypersur-
face in P3. Let C be a quadric hypersurface section. In other words, C is
a complete intersection of two hypersufaces of degree 4 and 2 respectively.
Clearly C is an ample curve in X. Then we have following facts [1, p.199,
F-2]:
• W 13 (C) = ∅
• W 14 (C) 6= ∅
• W 38 (C) 6= ∅
• W 38 (C)−W2(C)) ⊂W
1
6 (C)
• W 27 (C) =W
3
8 (C)−W1(C).
Thus the Clifford index of C is 2. Since W 27 (C) = W
3
8 (C) − W1(C) and
W 38 (C)−W2(C) ⊂W
1
6 (C), we e have W
2
6 = ∅. Therefore the Clifford index
of C can not be computed by a g2d . On the other hand, since W
3
8 (C) is non-
empty, the Clifford index is computed by a g3d . It is clear that P(C) = 7 for
all smooth curve C ∈ |OX(C)|.
4. Structure of EC,A
Let C be a smooth irreducible curve in a K3 surface X and A be a line
bundle of minimal degree d with 3 sections. Clearly such a line bundle is
globally generated. Let EC,A be the vector bundle constructed as in Section
2. Then by Lemma 2.1 we have,
rk(EC,A) = 3,det(EC,A) = OX(C), c2(EC,A)
= d, h0(X,EC,A
∗) = h1(X,EC,A
∗) = 0
and EC,A is globally generated off a finite set.
Proposition 4.1. EC,A is not a simple vector bundle, then we have the
following possibilities:
(1) There exist a base point free line bundle N and a rank 2 vector bundle
F , globally generated off a finite set such that EC,A = F ⊕N .
(2) There exist a base point free line bundle N , a rank 2 vector bundle F
and a finite set Z ⊂ X such that EC,A sits in the following exact sequence,
0 → F → EC,A → N ⊗ IZ → 0
and we have h0(F ) ≥ h0(N) ≥ 2.
Proof. If EC,A is not simple, then there is an endomorphism ϕ : EC,A →
EC,A which is not of the form c.Id for some scalar c, where Id denotes the
identity morphism. Let x ∈ X be a point. Consider an eigen value c of the
linear map ϕx : (EC,A)x → (EC,A)x. Then the morphism ψ := ϕ− c.Id is a
nonzero morphism, which drops rank everywhere.
Let F := Ker(ψ), N ′ = Im(ψ). If EC,A is decomposable then we are in
situation (1). Let us assume EC,A is indecomposable. If the rank of the
endomorphism, ψ is 2, then one can easily see that the rank of ψ2 is 1. Thus
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with out loss of generality we can assume that rk(F ) = 2 and we have a
short exact sequence of the form,
0 → F → EC,A → N
′ → 0.
Since X is a surface, any reflexive sheaf over X is locally free. Thus F is
locally free.
Note that N := N ′∗∗ is a line bundle and N ′ = N ⊗ IZ , for some finite set
Z ⊂ X. Thus we have a sequence
0 → F → EC,A → N ⊗ IZ → 0.
Since EC,A is globally generated off a finite set, N is also globally generated
off a finite set. Since a line bundle on a K3 surface has no base points outside
its fixed component [Corollary 3.2, [6]], it is globally generated. Moreover,
since h0(X, (EC,A)
∗) = 0, N is non-trivial. Thus h0(N) ≥ 2. If ψ2 6= 0 then
the sequence splits and again we are in the situation (1). If ψ2 = 0, then
h0(F ⊗N∗) > 0. Therefore, we have h0(F ) ≥ h0(N) ≥ 2. 
Lemma 4.2. Let E be a rank 2 vector bundle on X with at least 3 sections.
Then either E is globally generated off a finite set or E contains a line
subbundle L with h0(E) = h0(L).
Proof. Let s1, s2 be two linearly independent sections of E. If s1 and s2
generate E at a point x, then they will generate E on an open set. Hence
the evaluation map V ⊗ OX → E is injective, where V is the subspace
generated by s1 and s2. Therefore, for general two sections, we have the
following exact sequence,
0 → V ⊗OX → E → B → 0,
where B is a line bundle on a smooth irreducible curve C ⊂ X. Since
h0(E) ≥ 3, h0(B) ≥ 1. Therefore E is globally generated off a finite set.
If E is not generically generated then for any two linearly independent sec-
tions s1 and s2, we have s1(x) = λxs2(x) for all x ∈ X and for some scalar
λx. Therefore the saturations of the sheaf inclusions OX → E by s1 and
s2 are coincide. Let L be the saturation. Then s1 and s2 factor through
L. Therefore s1, s2 are also sections of L. This is true for any two linearly
independent sections, which concludes the proof. 
Lemma 4.3. If E is a globally generated vector bundle off a finite set and
c1(E)
2 > 0, then c2(E) ≥ 0.
Proof. If E is a globally generated vector bundle off a finite set then for
a general subspace V ⊂ H0(E) of dimension rk(E), we have the following
exact sequence
0 → V ⊗OX → E → B → 0
where B is a line bundle on a smooth curve C ⊂ X. Dualizing the exact
sequence we have,
0 → E∗ → V ∗ ⊗OX → A→ 0
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where A = KC ⊗B
∗. If deg(A) < 0, then degree of B ≥ 2g′ − 1, where g′ is
the genus of C and hence h0(B) ≥ g′. Thus h0(E) ≥ g′ + 2. On the other
hand since c1(E)
2 > 0, we have h0(E) ≤ h0(c1(E)) = g
′ + 1 [Proposition
1.5, [4]]. Thus c2(E) = deg(A) ≥ 0. 
5. Trigonal curve in K3 surface
In this section we will prove an interesting property of a trigonal curve in
a K3 surface .
Theorem 5.1. Let C be a trigonal curve in a K3 surface X. Then the
following holds: There exists an irreducible curve ∆ such that pa(∆) = 1
and ∆.C = 3.
Proof. Since C is a trigonal curve, its Clifford index is 1. Now for a trigonal
curve C, the dimension of W rd (C) = d − 3r [[1], p.198]. Thus W
r
d (C) is
non-empty only if d ≥ 3r. Therefore the Clifford index of a trigonal curve
can be computed only by a pencil.
On the other hand, there exist a line bundle M on X such that M |C
computes the Clifford index [4]. Therefore, h0(C,M |C ) = 2 and hence
h0(X,M) = 2 and deg(M |C) = M.C = 3. Therefore a general curve ∆ in
|M | is irreducible and has arithmetic genus 1. Also we have ∆.C = 3, which
conclude the Theorem. 
6. Main theorem
In this section we prove the main theorem.
If X and L are as in the Donagi-Morrison’s example, then we have seen
that the planarity remains constant along the smooth curves in |L|. Let
assume X and L are not as in the Donagi-Morrison’s example. Let C be
an irreducible smooth curve C in the linear system |L| with a complete grd′ ,
where 2 ≤ r ≤ 4, which computes the Clifford index of C. It is knowm that
the gonality is constant along the smooth curves in the linear system |L| [2].
Let d be the gonality. Also we have the Clifford dimension of every curve in
the linear system |L| is 1 [2]. Thus the Clifford index of every curve is d−2.
Proof. of main Theorem :
Case I: r=2
Let C ∈ |L| be a smooth curve. Let A be a complete g2d′ , on C, computing
the Clifford index. Therefore, the degree d′ of A is d + 2 and such a line
bundle is necessarily globally generated.
Note that d+2 is the minimal degree of a line bundle with at least 3 sections.
If the vector bundle EC,A is simple, then we have h
0(EC,A ⊗ EC,A
∗) = 1.
Thus
(1) χ(EC,A ⊗EC,A
∗) = 2− h1(EC,A ⊗ EC,A
∗).
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On the other hand, by Rieman-Roch, we have
χ(EC,A⊗EC,A
∗) =
c1(EC,A ⊗ EC,A
∗)2
2
−c2(EC,A⊗EC,A
∗)+rk(EC,A⊗EC,A
∗)χ(OX ).
Now c2(EC,A ⊗ EC,A
∗) = 6c2(EC,A)− 2c1(EC,A)
2. Thus we have,
χ(EC,A ⊗ EC,A
∗)
= 18 − 6c2(EC,A) + 2c1(EC,A)
2
= 18 − 6(d + 2) + 2(2g − 2)
= 2− 2ρ(g, 2, d + 2).
(2)
Comparing (1) and (2) we have, ρ(g, 2, d + 2) ≥ 0. Thus W 2d+2(C) is non-
empty for every smooth curve C in |L|. Hence the second co-ordinate of the
gonality sequence is constant.
Let assume EC,A is not simple. Then by Proposition 4.1, we have an
exact sequence of the form
(3) 0 → F → EC,A → N ⊗ IZ → 0,
where F is a rank 2 vector bundle, N is a globally generated line bundle,
Z ⊂ X is a finite set and we have h0(F ) ≥ h0(N) ≥ 2. Since EC,A is
globally generated off a finite set, h0(EC,A) ≥ 4. Thus if h
0(F ) = 2, then Z
is empty and h0(EC,A) = 4 = g + 1 − Cliff(C) ⇔ Cliff(C) = g − 3. Hence
d′ = g + 1. Thus ρ(g, 2, d′) ≥ 0. Therefore, the second co-ordinate of the
gonality sequence is constant. Let us assume h0(F ) ≥ 3. Let c1(F ) := M .
Also assume that there does not exist any line bundle M together with a
morphism M → EC,A and h
0(M) ≥ 3. Then by Lemma 2.1, F is globally
generated off a finite set. Note that
(4) c2(EC,A) = d+ 2 =M.N + |Z|+ c2(F ).
Claim: h1(N) ≤ 1.
Since N is base point free, h1(N) 6= 0 implies that N = O(kΓ) [ Proposition
2.6 [6]], where Γ is an elliptic curve and k is an integer ≥ 2. Also we have
h1(N) = k − 1 and h0(N) = k + 1. Thus if h1(N) > 1, then k ≥ 3. On the
other hand, since L is base point free, it is easy to see thatM2 ≥ 0. We claim
M2 > 0. In fact If M2 = 0, then M = O(kΓ), where Γ is an elliptic curve.
Therefore L will be of the form O(mΓ). But L is ample, a contradiction.
Thus by Lemma 4.3, we have c2(F ) ≥ 0 and we have C.2Γ < M.N ≤ d+ 2
. But OC(2Γ) has 3 sections, which is a contradiction to the minimality of
d+ 2.
In this case when h1(N) = 1 we have, N = O(2Γ). If |Z| + c2(F ) > 0,
then deg(N |C) < d+ 2 and h
0(N |C) = 3. Thus we get a contradiction.
If |Z| + c2(F ) = 0, then N |C has 3 sections and degree of N |C = d + 2 for
all C ∈ |L|, which proves our theorem.
7
Let us assume h1(N) = 0. Then h0(N) ≥ 3. Since F is globally generated
off a finite set, for a general two dimensional subspace V of H0(F ), we have
(5) 0 → V ⊗OX → F → B → 0
where B is a line bundle on a smooth curve D ∈ |M |.
Dualizing the above exact sequence we get,
0 → F ∗ → V ∗ ⊗OX → B
′ → 0
where B′ = OD(D)⊗B
∗. Now from the long exact sequence of (3), we have
h0(F ∗) = h2(F ) = 0. Thus we have h0(B′) ≥ 2. Also we have c2(F ) =
deg(B′). Since F is globally generated off a finite set, M is base point free.
Hence by [[4], Proposition 1.5] we have h0(M) ≥ h0(F ) . Since h0(M) ≥ 3 it
contributes in the Clifford index. Since KC = OC(C), we have KC⊗M|C
∗ =
N|C . From the exact sequence,
0 → O(N − C) → N → N|C → 0
we have h0(N|C ) = h
0(N) + h1(M). Also by Riemann-Roch, we have
h0(N) = N
2
2 + 2. Thus
Cliff(M |C) = Cliff(KC ⊗M |C
∗) = Cliff(N |C) = N.C − 2(h
0(N) + h1(M)) + 2
= N.C −N2 − 4− 2h1(M) + 2
=M.N − 2h1(M)− 2
= d+ 2− |Z| − c2(F )− 2h
1(M)− 2.
(6)
But d− 2 = Cliff(C) ≤ Cliff(M |C), thus we have
d− 2 ≤ d− |Z| − c2(F )− 2h
1(M)
or |Z|+ c2(F ) + 2h
1(M) ≤ 2.
In particular c2(F ) ≤ 2. But c2(F ) = deg(B
′) and B′ has at least 2 sections.
Therefore the curve D is hyperelliptic. If D has genus 2 then deg(O(D)|C) =
D.C = D2 +M.N = 2 +M.N . Since c2(F ) = 2, |Z| = 0, then from 4 it
follows that M.N = d, which implied D.C = d + 2. Therefore O(D)|C will
give a complete g2d+2 for all C ∈ |L|. If D has genus bigger than 2, then the
following two cases can occur [[6] Theorem 5.2] :
(i) There exists an irreducible elliptic curve ∆ such that ∆.D = 2.
(ii) There exists an irreducible hyperelliptic curve B of genus 2 such that
D ∼ 2B.
In case (i), we can further assume genus of D is bigger than 3, thus we can
decompose D as ∆ +D′, with D′.∆ = 2. Now (D − 2∆)2 = D2 − 8. Thus
if D − 2∆ is not effective, then D2 = 6 and hence D′2 = 2. Therefore the
restriction of O(D′) on each curve in |L| will give a complete g2d+2. If D−2∆
is effective then we can decompose D as D′+2∆ and L = O(2∆+D′)⊗N .
It is easy to see that (D′ + c1(N))
2
> 0. Thus D′.c1(N) ≥ 2, [[6], Lemma
8
3].
On the other hand,
deg(O(2∆)|C ) = 4 + 2∆.c1(N) ≤M.N + c2(F ) + |Z| = d+ 2(7)
Therefore, O(2∆)|C will give a g
2
d+2 for all C ∈ |L| or deg(O(2∆)|C < d+2,
a contradiction.
In case (ii), Considering the line bundle O(B), one can argue like case (i)
and conclude the Theorem.
Now we consider the case when there exists a line bundle N together
with a morphism N → EC,A and h
0(N) ≥ 2. In this case let D be the
divisor where the map N → EC,A vanishes (D might be Zero). Then the
map N → EC,A factors through N(D). Thus we have the following exact
sequence
0 → N(D) → EC,A → F → 0,
where F is a torsion free sheaf of rank 2 and fits in the following exact
sequence
0 → F → F ∗∗ → IZ → 0
where F ∗∗ denotes the double dual of F which is a rank 2 vector bundle and
Z ⊂ X is finite. Since EC,A is globally generated off a finite set, F is also
globally generated off a finite set. Then arguing as earlier we can conclude
the Theorem.
Case II: r =3
Let A be a line bundle of degree d′ computing the Clifford index of C with
h0(A) = 4. We can assume there is no curve in |L| with a line bundle with
3 sections, computing the Clifford index. Note that d′ = d+ 4. In this case
every curve in the linear system |L| admits a complete g3d+4 [[9], Theorem
4.1]. For a general point x ∈ C, A⊗OC(−x) admits 3 sections. Thus W
2
d+3
is non-empty and W 2d+2 = ø. This is true for every smooth irreducible curve
in |L|. Thus the planarity of every curve in the linear system |L| is d+ 3.
Case III: r = 4
Again let A be a line bundle of degree d′ computing the Clifford index
of C with h0(A) = 5. In this case d′ = d + 6 and as previous case by [[9],
Theorem 4.1], every curve in the linear system |L| admits a complete g4d+6.
Now for general two points x, y ∈ C,A ⊗ OC(−x − y) admits 3 sections.
Thus W 2d+4(C) is non-empty for every smooth irreducible curve C ∈ |L|. If
W 2d+3(C) = ø for all C ∈ |L|, then planarity of every curve is d + 4 and we
are done.
Let C ∈ |L| such that W 2d+3(C) 6= ø and let A ∈W
2
d+3(C).
Let EC,A, F,M,N,Z,D are as in Case I. Then from 6, we have
d− 2 ≤M.N − 2h1(M)− 2 = d+ 3− |Z| − c2(F )− 2h
1(M)− 2
Or
c2(F ) + |Z|+ 2h
1(M) ≤ 3
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If c2(F ) ≤ 2 then we can conclude the Theorem as Case I. Let c2(F ) = 3.
Then D is a trigonal curve. Therefore by Theorem 5.1, there exist an elliptic
curve ∆ is X such that ∆.D = 3 and D can be decomposed as D′ + ∆.
Since M is base point free we can assume D′2 ≥ 0. If 0 ≤ D′2 ≤ 2, then
by similar analysis as in Case r = 2, we can conclude the Theorem. Thus
we can assume that D′2 ≥ 4, that is, D2 ≥ 10. If D2 ≥ 12, then D can be
decomposed as 2∆ +D′ and we are done as earlier.
Let D2 = 10. ThenD′2 = 4. Therefore, D′ is either hyperelliptic or trigonal.
Thus we have a decomposition ofD as 2∆+D′, which conclude the Theorem.

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